Tle SR ot o po(w’? (iwh,\]#ivc J{;@LI#(O%)
L o(a,b) - R cela )

Pe  say dle  lindd as s o\P?ranlnu c of PG s L

pokation . im £ _
x> C
i whent x5 clese to ¢ Py s close o L,
ave  we Caw make L(x) as close as we ke 4o L Ea +ak{»~j
= SVpFr(‘fC\F{b\‘l"l:} close. +o ¢ .

6?Cawx?\<_§
Py = o*
im £ =0
X2 0O
[hw  Ple) = 2
x—>11
/C i B ,C(x) = 2 f‘(: =0 (?fccc,u TSe. —pmm-l{o\«')
X o»l’lhtz_r*l_\,rsQ_’

[y Py = ©
1F x>0

(2 1)




20

LG =

L
xl

(1 ,C(i):\ ;

& ]/\:5 s a Q,}(qb-«?(c @,G A «‘GL«V\CJ( :fov\, CL{VQ(a:V\a —}o CV\‘F{V\;+U .

e qu /G OKC\)C,Y‘aQS /t@ h’\w—Pb\l—[—a a’{’ C \’Q e  cqw V\’LO\lZQ
£ (=0 as \o\v\t)e/ os e like Ea ﬁk(wa x SM/€,€\"CELL\'{‘(\3 close 4o
h,g‘{*a’\"lotf\,'_ (;V\/l ,Q(3¢> = e e v Ee,r‘ ‘H/\O VS :
xoe o = NaN L
D=y = { x vhew =<1 N
x -1 x >1
[tmn Fix) = 7 " °
xr—=>1

doe,sm(% @/X:S/('

© e Stdo_ol [1\/\”1’%5 ; = 0 1 2 3

-1 with xal x>l oHle =>1

i F(=) = L i Py = ©

- +

i FO  eriche & both oue—sidecl limits exish avel ore

€ C Qc[/u\o\( .



the LUmib ac x> s

e umte liM /Q(x> =L e e caw o ko 'C(og> oS

xS

Yo L oae we ke L?B +a(ziw3 r'a vaQ{lrcinb [o\rae,,

lin dey = L st ler

(D — 6o

E’)CaMP(eAS

20
\
N = —
QC? ) o
15
[ \i’L - O
o 20> 1ok
[[\W\ ‘(/ = o
2
X = -6 x s
0 1
-2 1 0 1 2
n /POL(/{’: l;V"\ \/ =1 O ’(:OF 0\"\‘3 const ant P)O

ow—ses  <F

30

(l\/\/l 67’ = 6o or
2 = o
x
[lM e = O 10

close



,@(—)c> = |u x

l\'v-\_ kl/\')C 7’—’00
x—0"
(ﬁW\ lV\. xr = 6=
X b=

hot obyiows ,(

?(‘OD—(; \D:{'&(\ .

5.0

25

0.0

-25

-5.0




tvvx

2w —oAa”

L.‘\r«:'(' [ o WS
\£ £ awd d afhe ’plA"‘C’l'TOV\S (k'?,C> — R , A e (\7,c> awea)
1w £ () (v %(x) botlh exost tren
%o r2 ’
° [\M (/QC%) f("a(DC>> = \[M ’p(KB + [tn ng>
L= A €xD a * —>on
[ /(:o(‘ mw‘& Cov\s+av<l’ \'LQ (\)\
Livm k—ﬁ(x) = k[t «(:(OC>
A7 W=
L] < . [ >
o g ) a( )
A o X )
. i £ (i S(m) =+ © Hatn
x4
1 (x)
1 _p@ - Py ’C
- () (Y e
s oo™
T hese (aws  also  held Lor e —sidesl limaifz (i
~—a"
Gondh [t r“‘g ok \\""Q‘\ M’R\/S \[M
x>t o
E?C,D»V\/LP\CS
1. (?M (QCZ-P 29(1) = [ x* 4+ 2 lm e = b o 4 =&
x> 7 A= 2 PR
7 liM el ({7 x* = ata i [V oS X
- xX—=>T0 x->7C
oA— TV cos T
botle c&?s'\’) oW 22O /
frecefore [ E_Z\ - 7" - 7t

A—> TV cos X 1

(eits



[ x*+ Lx =+ o, *ralx
5 —_— Flis limidF B 2ero
9 ’{/’L . v 1 ) i <
-1 x L e 7 «
x> -2
mg%—eud X 4lx = ¢ C'&/‘/i) = x
x7 Tt
lim altlx - lim ~ = -7 .
xX— -7 s r—>-L
[im (-2x = -6 [i 1 [+ 22 = oo
x = 6O xT - oo
[{M (l 2o 4 /4’271) = lim 7 = 2
A —D &= xX >
% lim =2 &+ [ 2=
WO Wb
< — b + o )
( c(oln £ /Fre_ax{’ do as  a l/w\"v\be(‘>
L xPr2csl o gy 9/(1)( s LB
Y=o 2xTrx !

i v—e otoc

(8 (1 + 1+
P Yo x
&e/vovm{\—\,«:ﬂ'o(‘i
lim (24 4+
POl
deomm, nateor #F O
[fm xPd 2!
X b= 2 xbh s ]

LL> = lim 1 + (BN 7—/ + (e ’/_
x 60 ~ e X e
- 1 + 6 + O
7/)(13 = w2+ e I/ i 7
A= A Do X X 960 ?L
= 7 + 0O 4+ O

\!

)



The Squesze +leore m

Lot L/%/I/l, g C"Ub) - 1R a el Swppose

Fly & qle) 2 hle) Ffor all xe (o b)
E ce(a,d oand /
x=¢ N x> C
L
dhe o 3(;{.) — L Q(SO.
x>c
{Z)cavv\F(e/ \1\'\4 2% siw (i)
x— 0 -
i x= = O
320
(RSN Si ,[ = does w4 exist oo
o )

\’DW+ 17— CLO o V\,N%Q/‘S B

¢ \

- L sonm o~ L 1
1 &y < x?
o
,x'léfxls;v\\/ L gt -
xX
>c—>O\\j \]/ (Ar)@
o xtsim
X
B
| | ‘ | | —2C
02 0.1 0.0 0.1 02 —
s o l ‘™M ' 5in <%,_>:O \33 4+ e .Sc\/u»e;ej/e, ‘H/-c/orevv\
x>0

£t o
—o koo, Hriwo »Pol\‘(_e,wev«_ and QA Srcunk” +le ore i




The theorenm also lolds Hfor Limits
wW— = C
r—r_//_
-1 ¢ ¢cosx <
-2 £ lcosx <
XS0 ~L £ Qcosx &

6

Z{ M

D



Firt recall e intudive definitlon:
L0 (a,b) > R cela ) e L0

x> C

- L

L Lo et x s close to C @fL} s close v l_)
ave  we Caw make L(x) as close as we ke 4o L J’Z) Jra”((bj
= SL@F’(‘,'C\'{\«‘{'IU close. to ¢ .

et enckly s meant bi\ Telose® and  fas elowe s we (Ret T
TL/LQ/ Pruﬁsa C(e;ciwu'low o{: o limi+ o o Po‘\m+l
lte F(x)= L L for all 28>0 Hew wists $§>0 sudh flst
x = C
o kDL—c\ ¢ § +hen lf(ﬁﬁ—-l,\ <&

e CS¢y-c €S _ECMay L <€
L e < s L exd Fhen L -¢ < L) < L+kg

foc €,0 1 p !

S pall . {/)( Ts C[ose Yo (,\‘ f(—x\ 1S c_loge, 4'0 \_U
Simece F s foc all £ £ can be as swmall as we (ke aud

)

/¢

a % shill e xists — this cq?+mfes *H/\e, as close as we [:lze’\l ?,\(\-f'

SFQ?VQCD\((B




E/DCOLMP\Q 'p(ﬁﬁ)’; s
e/xpe,d' [ Fx) = 2 ~ lef s prove A
x> 1
V\QQ(:( o show Cor Al £ >0, flece exsts a S>>0 sucle flat

-1 <5 then | F(x)—2| <€

St e e heed 4—° ,Pro\/e, ot —Fof‘ a\l( E ”H/\@f*e/ cxiilrs S/

J—

e YN J;'wi( Ouw Lx'\arcsslou» Lor & e Felfmg 0,(: s .

AS o Liest av&ss: el 3=¢&

K \x-l\<$:£ +lhen - < a—-1 < &
) 28 <9x-7 < Lsg
=) -2 < FH-2 < L€
= 1€ -2 | < 2¢e

Flog s C,lose} bu\;\’ ot Ql/w:'{e_ tobat  is MQQCLGLC‘ C (—,C(Qcﬁ—l/ Ce& >
Can e ik by letbing S= £ usteed

llfF (x-t [ <8 = % tlhen ’% < x-t < E/l
= - & < 1x-2 <« g
= & CfBY-2< &

> \fe-2 [ < €



Slecefore , For all £2>0  flhere exashs §  (for cxample §=2-)

/
2-

Sl Aot -1 < & > \—F(uﬂ-l]( E

e e Py = 2.
x— 1 |

Definition OP Fle Lt ot :I/\/QC\/\;’XVB
a‘.\re,vx ,Q‘. (C, 5°> - K write i £ = L £ foc 0\“ £> 0

A DS

dlece exists b osuele At L x>b  HFlen ',C(x)_ LI < £

Dc—@?v\\.—krou\, O,\‘/ o(lv{,ran\v\é 4o ‘\V\AG\A:JYD

[ Pxy = o £ Ler any M>0 dhere exisks § >0
x — 0"
Suche A lod T-G X< a awnd luc—o\\ <9 Y e ,&,\(x) > M

Df\f@‘a,ﬂ’\a ’ko \M,E\w\ifa K{/ i"‘ﬂc"l";jrs
R R R Gy M > 0O thece exists b such 4haf

oD D

(f x3b dhew Fl=d>M

gxmm‘;(a (i ln x = oo
x— 2
P(oo'c . a?Ve/w M > O . (ot b = CM
NO{& .H,\D\J—;il ln > = (;L S O Lor ol > O so lu = T3 awn

Lb\cPcObSLfo) —@l/\\«c’}"fov\_ Tl/\g,rojx\ofﬁ- ’l’&k:wa 1035 preserves He ]N@M(H‘LJ <
x> b = [V\x>|mbf|"lemifv\

(fn > > ™M . So llr e = 0
A



VuALor \foxkl/\go{ /C\/\V\C/";@ w S

‘IM:’%S OfF
) = (&), m @ e ()
Vi ‘:Lb} = ,lf - <L1)L'7/;L’$\>
t >c
Mmeans as t Se;i—s dose to c f(k} caaf\’s close +o ./1: i
NI Mea~s \I‘L(k) —> L‘l / r\z(£> — L‘L el r—3(J¢>’9 Lg
So .
L cey = (L M) )l 6 ) lim lr3c/c)>
L 2 C t-c Ltoc toe

{\\f\n[’és o,ﬁ ~Cvu,\()¢?0v\§ of ’\\’L,Jo voria b(eg

f:DerR" = R ¢ = (e,e,)e D

(X/GB—J(C,’\’CL)

as (‘x,b) SeA-s close 4o Hle ?O"‘”{’ (C‘/cz>;

Mmeowns

(.

,Q(x/b‘) %Q/‘k'S o[os(; ‘o

€DC0\V~/\P\€
[ (614‘ DCSIII\\:X)
o> > (0,1)




)Cﬂ
Foog) =

£ R N} — R

6 DCOLM(})(Q_

7

et Pleyy) =
C?C):S) - (O/O)

More 'QOVM”\“ : lima ’C(’/I/\/> =L re ‘res ’\’\/Moc" /Cof‘ ever Cntve
S e v N
clw) it lim W) =, Lk Fle)) = L
ot t - to
foe e wbove exomple | comsider () = (£2) L8 — (9,0)
2 ‘ t-0
Plow)y= Hee)= L = = — l?,
ATt €79
— (o, B

,‘:Z('k> = (%/O> < s

(
O — O ~
> Ea "

/C<Qz(’a\> =

L»>0o

So ’\’[/‘Q. “M ‘LA- C(oQ.jl/\”f' Q)(:S/\" N



Recall : a £ unckion /€ : (aﬂs) — R S contivnons ow <°‘/ b} ‘.’(;
L/AOV\ Cawn drau ’\’rs “(\MFM otk houd J(Okk\'wa 301/\!/‘ Po.m O’F’F ’H/\e Pma&

a b a C b “/ C / ]
Cowtivmocs wot C,o\m‘{‘g‘ ot C@V\’('S, aow‘fS

Q’% C o\/[ C

fhe Polvx‘l.'s ok O\L\SC»O\«{'(LW\:'{B arc fOLW’t'S c where [} /PCX_) doesu'd
a2 C

er sk or  where i PG # £

a - C

So e qu qf is Ccoubluwouws o ¢ fF  lim ﬁ(x> = L(<)

xr—>C

£ s contiwnons £ 18 Cowtinuouws ot zue,r:) Fo‘u&l" s

dOVwa\"\"\ .

+hts o(e{(w(f\/ﬁom esxterls Cc\s(\:} to  mulbivaciable »‘CMD\L—L;O(AS
(C(Q:C'\V\[\AS mu«x\’[vxu@‘kt} i~ Fore—s 6(F c,\roku\u\a e a(‘cx?‘/\ c\ocg wo(»{>

LQ-“\' _(: D(/“Z'L — rR , g/v & D , /‘/L\Cv\, »F 3 Com’t’;v\moug 0\,’{/ g

s lim £ () = £(0) e b £lry) = £le, )
x = C (x,y) = (e1,6)
E pcm\/\/\.P(e, ,(:(:c/ > - ;Cl\/s ‘e nof olaqr:‘\vxcc\ ot (@/O>
J //LZH&‘L

define
3(a¢,3) = 0.5 £ (D‘/‘{D: (0,00

ﬁ . 6therw ise

xH«‘a

7

1S 6 cowkFinrons !



‘XV\‘\/'A"" ;JO[S L oY cowlintons ok Q - dlece < +&arl-3

’COCMHB : wok  Covdinmolns [iM ’CC’C/UB AOQS\A"I’ 2)<\F3+ So 7{ /C(O/D> -
(%) - (0, 0)

Por & vector valwed funcfion o &) the  (oundidion Lor com%'ivw(‘fn ot ¢

lim cl&)y = ()
L—>C
1M9lre,51

Q“M Y‘L(’e)) l“M rz('@ 7 UM r"5 (&>> = (rL(C’);Y\L(C)) F3 (C>>

t~c toc r2c

(| o coclh coo(‘c-l}lz\aj’c, £v\u\o& iown. s continnons .



STANDARD CoNTINWOWS FuncTiong

Fol(\jV\OM:n{s

P (R,;(K) Px) = a, + o,x + qlxl+m —!—ak'xh
PG, Q=) polynomials PE 4
Q=)
s x andl  cos . are codinieons  onw R
eF s obineons o R
ln % is  Cowtinuouns ow s domain <O}60>

an\w\?(e,s ~) = C cos€, stut, fo>
(&) = cosk
. (L) = sk
= €
Ylerelore C(€)
/P . (’Kz”a m , —p(o(,}La> =
(i £, y) = lim  x = ¢, becacese
OC,‘O)_)CCuCL) x—=C,
= /?(C(,C/l>
2

(8

'S cont o ng own

£

COW+;VLL/\-OL\/§

\s

x

where o e R
are  fixed |

cgv(]':u\vlomé Q\(C@p’\’ wlrere (Q C'x,} = O

on R

co \/VH NLOULS Ow T[Z

s Coudimitows



Sowie chpu\%k@s 0% continuwons maltiveriable fuuncdiows

T ‘C/B Dec® 5 R are Lotk condluvouws ot c el o vl

1. OL"Q(%>/\/ bg(")) Q,bé(R , a el '(:(DQ S(%> are c;:uv\'?w,uoms

at ¢
2 ) '/P %C@_) =# 0 dlhen ’C_(i)_ 3 Continuons ot c
3

Z'ZZ R +L\€— counflSe (@w[af‘\ >

(&&c Tk%orcm
E?COU/VLP(Q,
,C(’?C)L0> = 9(9
XJZ*DL

z
cont o n ow K (g(_e W‘QD\/Q,)

(x/(a>‘/3 >~ (\ﬁ

bca simailac &rsu\vv\e,w‘{'ﬁ (x,ta)l—a 4 (x,6>1—> x? (:4/35 k—>ljl
7z

are all conk \uhonws ol R , So QFP(\jiwﬁ mecF{‘\FLS 1 audd
above we  lheve Fhot —F(x)(3> = X4 s (owutbtnwouns on @Z
X’}»H:)"’

Crcept ok (0,0),

2.



