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Change of coordinates in double integrals
Recall that the idea behind an integration by substitution in single-variable
calculus is to replace a complicated integral involving x by a simpler in-

tegral involving a new variable u which is a function of z, so that x = f(u).

In particular we have

/b fw) de = i flatw) (52) o

with the substitution:
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In many cases the evaluation of a double integral

// f(z,y)dxdy,
R

over a certain region R in R? can be significantly simplified by a change
of coordinates. This is done by using some new coordinates e.g. wu,v
and a certain transformation g(u,v) = (x,y) which tells us how the new
coordinates u, v are related to the old ones x,y. We write such a change
of coordinates as

(2, y) = glu,v) = (¢(u, v), Y (u,v)),

B Og(u, )
dx dy = |det ( D1, ) )‘ du dv,
S=g '(R),

where S is the new region of integration, i.e. the domain of the new
coordinates u, v.
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og(u, v)

The matrix (8(u,v)
g(u,v) at (u,v), that is

) is the Jacobian matrixz of the transformation

96 00,

<8g(u,v)) _ 8u(u v) v olu, v)
O(u, v ’
() _ng(u V) Zf(u V) |

and its determinant J(u,v) is called the Jacobian of g(u,v) at (u,v).

Then

[ t@azay= [[ g
R S

where S is just a description of the domain of integration in terms of u, v
instead of x,y.

o ()
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Note that the | - | in the change of variable formula means absolute value,
and not the determinant — the Jacobian is already defined as a determinant!

See the Unit Reader for an explanation as to why the Jacobian J(u,v)

appears in the formula for change of variables, but observe the similarities
between this and the single- variable case:

Jroe= froo ()

To evaluate the double integral

//S:C—deA,
D

over the parallelogram D bounded by the lines

Example
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dr — 2y =2

dr — 2y = —1

)

20 +y =14

)

20 +1y =0,

34

we see that the difficulty with this problem is that the boundaries of the

region do not align conveniently with the coordinate axes:

7

6 |

5
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Guided by the fact that a linear change of variables maps parallelograms
in one coordinate system to parallelograms in the other, it would seem
that putting v = 3z — 2y and v = 2x + y would be a good choice.

Then the domain in (u, v) space is defined by —1 < u < 2and 0 < v < 14.

To calculate the Jacobian we first need to find z and y in terms of u

and v; it is easy to show that with u and v defined as above then
1 1

T = i(u +2v) and y = i(Bv — 2u).
Then
o0 o) 17
1
det Ju v = det ! / = —> 0.
9dy Oy 203 7
LOu  Ov- 7T
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Then it follows that

14 2 14 9 14
//3:13—2 dA—//(u) 1aludv—l/ 1u2 dv—i/dv—B
yaa= 7l N il E A V) B

D 0 —1 0 0

Example
Recall the definition of polar coordinates:
Let z = rcosf and y = rsinf for r > 0 and 0 € [0, 27).

Then r, 6 are called the polar coordinates of the point (x,y).

Notice that r* = z° + y2, SO T = \/:1:2 + 42 and is the distance of the
point (x,y) from the origin.
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Using the proposed transformation:

rcos 0] T
gr,0)=| | = ,
7 sin (9_ Y
we see that: ] )
og(r, 9)) ‘ cos) —rsinf ) p
det = |det — |r(cos” @ +sin“ )| = r.
( o(r, 0) sin v rcos | ( )

Then we have
//f(m,y)dxdy://f(rcos@,rsin@)rdrdé’.
R S

We will use this change of coordinates every time the region R is 2-
dimensional and has some sort of rotational symmetry.

Example set 3 — week 9
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Change of coordinates in triple integrals

This is very similar to the case of double integrals — in an integral of

the form
[[] fa.v.2)dsaya-
R

where R is a solid in ]Rg, we change the coordinates x, y, 2 to new coordi-
nates u, v, w using a transformation g:

(:C, y? Z) — g(“? /U7 w)?

dv dy dz = |det Ig(u,v, w) du dv dw,
O(u, v, w)
S=g '(R),

where S is the pre-image of R under g, that is, the domain of the new
coordinates u, v, w.
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Og(u, v, w)
0(u, v, w)

formation g(u, v, w) at (u,v,w), that is, if

As before, the matrix ( ) is the Jacobian matrixz of the trans-

g(u7 /U7 w) — (gl(u7 U? w)? 92<u7 U? w)? gg(“? /U7 w))?

then
0g1(u,v,w) Odgi(u,v,w) 9dg1(u,v,w)]
ou ov ow
(ag(uavaw))_ Ogo(u,v,w)  Ogo(u,v,w)  Ago(u,v,w)
O(u,v,w) ) ou Ov ow
0g3(u,v,w)  Odgs(u,v,w) Adgz(u,v,w)
X ou ov ow _

[ts determinant J(u, v, w) is called the Jacobian of g(u, v, w) at (u, v, w).
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Then

R
/][ statu.)
S

where S is just a description of the domain of integration in terms of u, v, w
instead of x, vy, z.

det (g(u,v,w))‘ du dv dw,

(u, v, w)

Note that the | - | in the change of variable formula means absolute value,
and not the determinant — the Jacobian is already defined as a determinant!

We will look at two special cases of change of variable in triple integrals
which deal with two special types of 3-dimensional coordinate systems.
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Cylindrical coordinates

Everything we learned about polar coordinates we can apply to cylindrical
coordinates, since cylinders are just discs with an added third dimension.

The cylindrical coordinates (r, 6, &) of a point P in R3 are obtained by
representing the x and y coordinates in polar coordinates and letting the
z coordinate be the z coordinate of the Cartesian coordinate system. Then

xr=rcosf , y=rsinf , z=E¢,

T:\/x2+y2 . 0<6<or.

So we added a third Cartesian dimension & = z and kept the same con-
ventions for r and 6 as for r and 6 in polar coordinates.
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Spherical coordinates

While the cylindrical coordinate system is just the polar coordinate system
with an added third Cartesian dimension, the spherical coordinate system
requires transformation of all three Cartesian coordinates, but there are
several similarities to the polar coordinate system.

As we have seen a disc can be described using one radius and one an-
ole; to get the third dimension we just add another angle.

This time p is the distance from the origin, and @ is still the angle from
x-axis in a plane parallel to the xy-plane. Our third coordinate ¢ is the
angle down from the z-axis.

We can think about # being the longitude and ¢ the latitude of a point
P in R,
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- - -

10
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The relationship between Cartesian and spherical coordinates can easily
be deduced by using basic trigonometry and Pythagoras’ theorem:

r = pcosfsing,
y = psinfsin ¢,

2 = pCos @,

where

p:\/x2+y2+z2,
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Example

12

The following tables list the Cartesian coordinates and corresponding cylin-

drical and spherical coordinates of a few points in space.

Cartesian Cylindrical
(1,0,0) (1,0,0)
(—1,0,0) (1,7,0)
(0,2,3) (2,33)
)
112 (V252
T
(1,—1,2) (\/5’?2)

Cartesian Spherical
TC
1.0,0 (1, 0. —)
( ) ;
(0,0, —1) (1,0, 7)
(0.1,V6) | (2v2.5.7)

(1,1,\/5)
(1,—1,—\/5)
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Triple integrals in cylindrical coordinates

For cylindrical coordinates we use the transtormation function:

r cos 0] T
g(r,0,6) = |rsinf| = |y
& z
The Jacobian of the transformatiogl g is: _ o
cos —rsinf 0]
det <8g(fr, 9’€)> =det [sinf@ rcosf@ 0| =r > 0.
a(r,0,&) ) ) 1

Then, for S = g }(R),

// Fz.y. 2 d:z:dydz—// F(rcos@,rsinf, &) r dr df d.
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Triple integrals in spherical coordinates

For spherical coordinates we use the transformation function:

pcosfsin @] T
2(p.0,6) = | psin0sing| = |y
pCcoso | | 2|

The Jacobian of the transformation g is:

cosfsing —psinfsing  pcosbcosd

det <0g(p, 0, gb)) —det [sinfsing pcosfsing  psinbcos
A(p,0,9) |
| COSQ 0 —psin @

= —,02 sin ¢.
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Since 0 < ¢ < 7, sin ¢ is non-negative and we have

‘det <aag<(ff’eef¢q;)>

= ,02 sin ¢.

Then, for S = g~ '(R),

[[] t@v.2) dwdya:
R

_///f(pcos@singb,psin@sinqﬁ,pcosgb)p2singbdpd€dgb.
S

Example set 1 — week 10

15
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