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DEFINITION 8.2. (Intuitive definition of the limit of a sequence)
Let {a,} be a sequence and L be a real number. We say that {a,} has

a limit L if we can make a,, arbitrarily close to L by taking n to be suffi-
ciently large. We denote this situation by

lim a, = L.
n—0o

We say that {a,} is convergent if 1i_r>n ay exists; otherwise we say that
n—oo
{a,} is divergent.
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THEOREM 8.4 (Limit laws). Let {a,} and {b,} be convergent sequences

with im a, = a and lim b, = b. Then:
n—oo n—o0
1. lim (a, £by) =a+b.
n—oo

2. nlgrolo(c ay) = ca for any constant ¢ € R.

3. nl'grolo(un by) =ab.
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THEOREM 8.5 (The squeeze theorem or the sandwich theorem). Let
{an}, {bn} and {c,} be sequences such that 1i_r>n a, = 1i_r>n ¢y = aand
n o n o

ap < by <y

for all n > 1. Then the sequence {by} is also convergent and liﬁm b, = a.
n—o00
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THEOREM 8.15 (The monotone sequences theorem). If the sequence

{an}5_q is non-decreasing and bounded above, then the sequence is con-

vergent and

If {an}y—q is non-increasing and bounded below, then {ay} is convergent

and

lim o = sup({a}).

r}i*I)I;)lo ay = mf({an}).

That is, every monotone bounded sequence is convergent.
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THEOREM 8.27. If the infinite series Z a, and Z by, are convergent,
n=1 n=1

then the series Y _ (a, £ by) and Y _ cay, (for any constant ¢ € R) are also

n=1 n=1

convergent with

Y (antby)=) ant ) by, and Y cap=c) an.
n=1 n=1 n=1 n=1
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THEOREM 8.22. If the series Y _ ay is convergent, then lim a, = 0.
n—o0
n=1
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